The generic Mobius transformation of the complex open unit disc induces ä binary operation in the disc, called the Mobius addition. Following its introduction, the extension of the Mobius addition to the ball of any real inner product spacë and the scalar multiplication that it admits are presented, as well as the resulting geodesics of the Poincare ball model of hyperbolic geometry. The Mobius gyrovec-ẗ or spaces that emerge provide the setting for the Poincare ball model of hyperbolic geometry in the same way that vector spaces provide the setting for Euclidean geometry. Our summary of the presentation of the Mobius ball gyrovector spaces sets the stage for the goal of this article, which is the introduction of the hyperbolic derivative. Subsequently, the hyperbolic derivative and its application to geodesics uncover novel analogies that hyperbolic geometry shares with Euclidean geometry.
INTRODUCTION
In the 20th century the notions of group and vector space dominated analysis, geometry, and physics to the present days. However, their generalization to gyrogroups and gyrovector spaces, which sprung from the soil of Einstein's special theory of relativity, does not seem to have fired the interest of physicists to the same extent despite their compelling application in hyperbolic geometry and in relativistic physics. Thus, despite the Ž w x fascination of gyrocommutative gyrogroups which, following 6 , are also . w x known as K-loops in non-associative algebra 4 for over a decade, it is fair to say that they still await universal acceptance. This is not to say that there have not been valiant attempts to find appropriate uses for them. One can point to their impact on special relativity theory and hyperbolic w x geometry 9᎐17 . The theories of gyrogroups and gyrovector spaces provide a new avenue for investigation, leading to a new approach to hyperbolic w x Ž . geometry 12 and, subsequently, to new as yet to be discovered physics.
w x The discovery of the first gyrogroup 7 followed the exposition of the w x mathematical regularity that the Thomas precession stores 5 . The Thomas precession of relativity physics is a rotation that has no classical counterw x part. It has been extended in 9 by abstraction to the so-called Thomas gyration which, in turn, suggests the prefix ''gyro'' that we extensively use to emphasize analogies with classical notions. Thomas gyration is an isometry of hyperbolic geometry that any two points of the geometry generate, enabling novel analogies shared by Euclidean and hyperbolic geometry to be exposed. The novel analogies, in turn, allow the unification of Euw x clidean and hyperbolic geometry and trigonometry 14, 15 .
Ž . The aim of this article is i to extend the differential operation in vector Ž . spaces to a differential operation in gyrovector spaces; and ii to study its application to geodesics.
GYROGROUPS AND GYROVECTOR SPACES
Gyrogroups are generalized groups that share remarkable analogies with w x groups 9 . In full analogy with groups Ž . 1 gyrogroups are classified into gyrocommutative gyrogroups and non-gyrocommutative gyrogroups; and Ž . 2 some gyrocommutative gyrogroups admit scalar multiplication, turning them into gyrovector spaces;
Ž .
3 gyrovector spaces, in turn, provide the setting for hyperbolic geometry in the same way that vector spaces provide the setting for Euclidean geometry, thus enabling the two geometries to be unified.
In the study of Mobius transformations patterns and interesting conw x cepts emerge from time to time as, for instance, in 2, 13 
Guided by analogies with groups we take key features of the Mobius addition as a model of a gyrogroup, obtaining the following
[ is a gyrogroup if its binary operation satisfies the following axioms. In G there is at least one element, 0, called a left identity, satisfying
w x and gyr a, b is called the Thomas gyration, or the gyroautomorphism of w x G, generated by a, b g G. Finally, the gyroautomorphism gyr a, b generated by any a, b g G satisfies
Grouplike gyrogroup theorems that follow from Definitions 2.1 and 2.2 w x are presented in 9 . These theorems ensure, for instance, that there exists Ž . Ž a unique identity which is both left and right and a unique inverse which . is both left and right . Gyrocommutativity, for instance, is equivalent to the validity of the automorphic inverse law, as shown in the following
Furthermore, the left gyroassociative law and the left loop property are accompanied by right counterparts, sake we identify vectors in ‫ޒ‬ 2 with complex numbers in the usual way,
The inner product and the norm in ‫ޒ‬ 2 then become the real numbers u¨q uü и v s Re u¨s Ž . Ž .
where u is the complex conjugate of u. Ž . 
To emphasize analogies with Euclidean geometry, the geodesics 4.2 are Ž . also called gyrolines. The gyrolines 4.2 are geodesics relative to the Ž . Poincare metric 4.3 . The Poincare metric induces a topology relative tóẃ hich continuity and limits are defined enabling us to define the gyroderivative in a Mobius gyrovector space.
GYRODERIVATIVES: THE HYPERBOLIC, GYROVECTOR SPACES DERIVATIVES
Guided by analogies with vector spaces, we define the gyroderivative. The effects of the gyroderivative are then explored by studying its application to parametrized geodesics. Ž . will show in 5.3 and, graphically, in Fig. 3 that this is indeed the case. Despite its close relation to the ordinary derivative in a vector space, the gyroderivative introduces simplicity and elegance when applied to geodesics. 
Ž .
Ž . Calculating the gyroderivative of v t in 5.2 and employing gyrogroup manipulations we have the following chain of equations, some of which are numbered for later reference, Ž . Ž . Ž .
according to which the gyroderivative of the parametric gyroline
is the gyrovector b gyrated by a gyroautomorphism. Ž . The parametric gyroline v t is shown in Fig. 3 where three of its points, Ž . Ž .
Ž . v t , v t , and v t corresponding to the parameter values t s t , t , and 
w Ž . x gyr v t , ]a b, to which they are respectively Euclidean parallel. 3 Hence, the gyroderivative of a gyroline introduces elegance when noticing that the gyroderivative of the parametric gyroline is analogous to the derivative of a parametric line, where the analogy reveals itself in terms of a Thomas gyration.
We now wish to explore another analogy, that gyrolines share with lines, to which the gyroderivative gives rise. Guided by analogies with Euclidean Ž . geometry, we define the tangent gyroline of the hyperbolic curve v t in Ž .
Ž . 5.2 at any point v t , t g ‫ޒ‬ being a constant, to be the gyroline 
